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We investigate the problem of suppressing the vibrations of a non-linear system with a cantilever beam of varying ori-
entation subject to parametric and direct excitation. It is known that the growth of the response is limited by non-linearity.
Therefore, vibration control and high-amplitude response suppressions of the ﬁrst mode of a cantilever beam can be per-
formed using a simple non-linear feedback law. This control law is based on cubic velocity feedback. The method of mul-
tiples scales is used to construct ﬁrst-order non-linear ordinary diﬀerential equations governing the modulation of the
amplitudes and phases. The stability and eﬀects of diﬀerent system parameters are studied numerically.
 2006 Elsevier Ltd. All rights reserved.
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External resonant excitations may be sources of undesirable ﬂexural vibrations. Among external resonances
there are primary and secondary resonances (of the combination, subharmonic, and superharmonic types) and
parametric resonances (Nayfeh and Mook, 1979; Nayfeh, 1973).
The task of reducing the undesired eﬀects of resonant disturbances has been tackled employing a variety of
approaches ranging from direct disturbance rejection via classical control theory techniques to the use of
vibration absorbers attached to the main system as dedicated substructures. For example, a number of works
have addressed both theoretically and experimentally the problem of controlling transverse oscillations in dis-
tributed-parameter systems by parametric-type control actions (Fujino et al., 1993; Gattulli et al., 1997) or by
coupling autoparametrically the system to an electronic circuit to exploit the saturation phenomenon due to a
two-to-one internal resonance (Oueini et al., 1998). Yabuno et al. (1999) and Yaman and Sen (2004) showed
that parametric and primary resonance in a cantilever beam can be suppressed by attaching a pendulum
absorber to the beam tip. As an alternative to passive approaches, a closed-loop feedback method was devel-
oped theoretically and experimentally to stabilize the principal parametric resonance in a cantilever beam
using a piezoceramic patch by Yabuno et al. (2001). By employing the method of multiple scales, it was shown0020-7683/$ - see front matter  2006 Elsevier Ltd. All rights reserved.
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that the parametric resonance is suppressed.
Yabuno (1997) implemented a bifurcation control of parametrically excited Duﬃng systems by a combined
linear-plus-non-linear feedback method. He proposed a control law based on linear velocity feedback and lin-
ear and cubic position feedback and his studies demonstrated that non-linear position feedback reduces the
response amplitude in the parametric excitation–response curves, while velocity feedback stabilizes the trivial
solution in the frequency–response curves.
Hu et al. (1998) considered primary resonance and the 1/3 subharmonic resonance of a forced Duﬃng oscil-
lator with time delay state feedback. Using the multiple scales method, they demonstrated that appropriate
choices of the feedback gains and the time delay are possible for better vibration control. Hy and Zh
(2000) considered controlled mechanical systems with time delays and, in particular, primary resonance
and subharmonic resonance of a harmonically forced Duﬃng oscillator with time delay. Stabilization of peri-
odic motion and applications to active chassis of ground vehicles are discussed.
Oueini and Nayfeh (1999) proposed a non-linear control law to suppress the vibrations of the ﬁrst mode of
a cantilever beam when subjected to a principal parametric excitation, which is based on cubic velocity feed-
back to suppress the vibration. The method of multiple scales was used to derive two ﬁrst-order diﬀerential
equations governing the time evolution of the amplitude and phase of the response. Then, a bifurcation anal-
ysis was conducted to examine the stability of the closed-loop system and investigate the performance of the
control law. The theoretical and experimental ﬁndings indicate that the control law leads to eﬀective vibration
suppression and bifurcation control.
Anderson et al. (1996) examined experimental and theoretical study of the ﬁrst and second mode response
of a parametrically excited slender cantilever beam. They stated that the addition of quadratic damping to the
model improves the agreement between the experimental and theoretical results, and they concluded that it
may be necessary to consider diﬀerent non-linear damping models for diﬀerent modes.
Most of the researches in the literature only considers either column or beam problem, in this paper, how-
ever, the problem of suppressing the vibrations of a cantilever beam/column with varying orientations when
subjected to a primary and principal parametric resonance is considered. The dynamics of the ﬁrst mode are
modeled with a second-order non-linear ordinary-diﬀerential equation, and a control law based on cubic
velocity feedback is used. The addition of a linear velocity feedback is mathematically equivalent to adding
viscous damping and, therefore, will not be eﬀective in reducing the vibration amplitude due to the resonance.
However, a cubic velocity feedback is equivalent to cubic non-linearity that is known to limit the amplitude of
the resonance. The method of multiple scales is used to obtain an approximate solution to the diﬀerential
equation, and the stability of the response is investigated. Then, the eﬀects of the diﬀerent parameters are
investigated by numerical simulations.
2. Model of the system and perturbation analysis
A uniform cantilever beam carrying a mass at free end and subjected to sinusoidal base motion which is
yg(t) = ygsin(Xt) is shown in Fig. 1. The beam is assumed to be initially straight, of length L, and of constant
mass qA per unit length and constant stiﬀness. The quantity EI, where E is Young’s modulus of the material
and I is the principal cross-sectional area moments of inertia, is the bending stiﬀness of the beam, and a is the
orientation angle of the beam, s is used to denote arc-length along the beam. The equation of motion of the
beam is given by Yaman and Sen (2004)qA€wþ c _wþ EIfw0000 þ ðw0ðw0w00Þ0Þ0g þ f½w0qAðL sÞ0 þ mðw0Þ0g  ð€ygu þ g  sinðaÞÞ
 1
2
qA w0
Z L
s
o2
ot2
Z s
0
w02 dsds
 0
 1
2
m w0
o2
ot2
Z L
0
w02 ds
 0
þ ðqAþ d½s ðL eÞ  mÞ€ygv
¼ 0 ð1Þsubjected to the boundary conditions:wð0; tÞ ¼ 0 and w0ð0; tÞ ¼ 0 ð2Þ
EIw000ðL; tÞ þ mg sinðaÞw0ðL; tÞ ¼ m€wðL; tÞ and EIw00ðL; tÞ ¼ 0 ð3Þ
Fig. 1. A schematic of the cantilever beam under consideration.
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component along the inertial direction (y) of the displacement of the beam. Upon following the non-dimen-
sionalization procedure, this equation of motion becomes:€vþ cL
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subjected to the boundary conditions:vð0; sÞ ¼ 0 and v0ð0; sÞ ¼ 0 ð5Þ
v000ð1; sÞ þ mgL
2
EI
sinðaÞv0ð1; sÞ ¼ m
qAL
€vð1; sÞ and v00ð1; sÞ ¼ 0 ð6Þwhere dots are the derivatives with respect to the non-dimensional time s ¼
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
EI=qAL4
q
, v = w/L, y0 = y/L,
g0 = g(qAL
3/EI), X0 = X(qAL
4/EI)1/2 and x = s/L. The terms in the ﬁrst bracket are the static hardening
non-linearities which arise from the potential energy stored in bending (non-linear curvature), those in the sec-
ond and third bracket are the inertial non-linearities, with a net softening eﬀect, due to the kinetic energy of
axial motion, while last two terms on the left-hand side of this equation are due to the gravitational load, base
excitation and the use of the inextensibility constraint.
The governing equation (4) is non-linear, and does not admit a closed-form solution. Therefore, an approx-
imate solution will be sought that satisﬁes both the equation and the boundary conditions. We represent the
solution of the non-linear problem in the formvðx; tÞ ¼
X
n
/nðxÞznðsÞ ð7Þwhere /n(x) is the shape function of the nth linear mode, and zn(s) is the time modulation of the nth mode. The
undamped linear free vibration problem under axial loading is governed by€vþ v0000 þ qAgL
3
EI
 sinðaÞ½ð1 xÞ  v00 þ mgL
2
EI
 sinðaÞ  v00 ¼ 0 ð8Þwhich is subjected to the boundary conditions (5) and (6). The governing equation (8) is a variable coeﬃcient
fourth-order partial diﬀerential equation, and there is not any closed-form solution. Therefore, an approxi-
mate solution have been obtained, which satisﬁes both the equation and the boundary conditions. The solu-
tion of this problem is obtained by applying Adomian decomposition method (Adomian, 1988, 1991; Wazwaz,
2001)
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The Galerkin method is used to obtain an ordinary diﬀerential equation form of given partial diﬀerential equa-
tion for an approximate solution. In this study, it is assumed that most of the energy excites the ﬁrst mode of
the system, thus the ﬁrst mode is dominant. Therefore, the truncated displacement function for the ﬁrst mode
becomesv ¼ /ðxÞzðsÞ ð11Þ
By substituting Eq. (11) into the partial diﬀerential equation (4) and orthogonalizing the error with respect to
the eigenfunction, the following ordinary diﬀerential equation is obtained for the beam:h1€zþ lh1 _zþ ðh2 þ h10Þzþ h5z3  h11z o
2
os2
ðz2Þ  h12X20 sinðX0sÞ cosðaÞ  z  h13X20 sinðX0sÞ sinðaÞ ¼ 0 ð12Þwhere hi = 1,2, . . . , 13 are constant coeﬃcients as deﬁned in the Appendix. To simplify, Eq. (12) is rescaled so
as to make coeﬃcients of the linear inertia and linear restoring terms equal to unity. This is done, following the
scaling procedure, by deﬁning the dimensionless parameters t* = h2s, X ¼ X0=h2 and u = hz, where t* is a new
time scale and h4 = (h2 + h10)/h1. In terms of these dimensionless parameters equation (12) becomes the
dimensionless equation:€uþ uþ 2el _uþ ea1u3  ea2u2€u ea2u _u2 ¼ ef2X2 sinðXtÞ cosðaÞ þ eu  f1X2 sinðXtÞ sinðaÞ ð13Þ
where u is the generalized co-ordinate, l is the viscous damping coeﬃcient, ai are the constants, fi and X are the
forcing amplitude and frequency, respectively, e is a non-dimensional bookkeeping parameter. The term a1u
3
is due to non-linear curvature, and the terms a2u2€u and a2u _u2 are due to non-linear inertia.
There are several methods to suppress the vibration of the structure, such as linear and non-linear time
delayed position feedback (Xu and Chung, 2003; Li et al., 2006), linear-plus-non-linear feedback (Yabuno,
1997) and user-deﬁned cubic feedback (Oueni et al., 1999) control laws. In this study, the velocity feedback
control law is used, which is given by Oueini and Nayfeh (1999)T ¼ eG _u3 ð14aÞ
where T is a control input, and G is a positive constant. The cantilever beam with tip mass considered in this
study is actuated with piezoceramic patches the following expression is obtained by substituting Eq. (14a) into
the equation of motion (13) (Oueini and Nayfeh, 1999):€uþ uþ 2el _uþ ea1u3  ea2u2€u ea2u _u2 ¼ ef2X2 sinðXtÞ cosðaÞ þ eu  f1X2 sinðXtÞ sinðaÞ þ T ð14bÞ
To analyze the solution of Eq. (14b), the method of multiple scales is used (Nayfeh and Mook, 1979;
Nayfeh, 1973) and u is expanded asuðT 0; T 1Þ ¼ u0ðT 0; T 1Þ þ u1ðT 0; T 1Þ þ    ð15Þ
where T0 is a fast time scale and T1 is a slow time scale describing variations in the amplitude and phase of the
response. The time derivatives are recast in terms of the new time scales asd
dt
¼ D0 þ eD1 þ    and d
2
dt2
¼ D20 þ 2eD0D1 þ    ð16Þwhere Dk  o/oTk. Substituting Eqs. (15) and (16) into Eqs. (13) and (14) and equating coeﬃcients of like
power of e yields
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D20u1 þ u1 ¼ 2D0D1  2lD0u0  a1u30 þ a2u20D20u0 þ a2u0ðD0u0Þ2  GðD0u0Þ3
þ u0f1X2 sinðaÞ sinðXT 0Þ þ f2X2 cosðaÞ sinðXT 0Þ ð18Þ
The solution of Eq. (17) can be expressed asu0 ¼ AðT 1ÞeiT 0 þ AðT 1ÞeiT 0 ð19Þ
where A(T1) is a complex-valued quantity that will be determined by imposing the solvability condition at the
next level of approximation.
3. Stability of the system
(a) In the case of primary resonance (i.e., X  1), to express the nearness of X to 1, we introduce a detuning
parameter r such thatX ¼ 1þ er ð20Þ
Substituting Eqs. (19) and (20) into (18), and eliminating secular terms leads to2iðD1Aþ lAÞ þ ð3a1 þ 2a2 þ 3iGÞA2Aþ 1
2
if2eirT 1 cosðaÞ ¼ 0 ð21ÞSubstituting the polar formA ¼ 1
2
aðT 1ÞeibðT 1Þ ð22Þinto Eq. (21), performing the integration and separating real and imaginary parts we have the following:a0 ¼ la 3
8
Ga3  1
2
f2 cosðaÞ cosð/Þ ð23Þ
a/0 ¼ ar 1
4
a2a3  3
8
a1a3 þ 1
2
f2 cosðaÞ sinð/Þ ð24Þwhere / = rT1  b and the prime represents diﬀerentiation with respect to T1. The eﬀect of the control tech-
nique is determined by evaluating the steady-state solutions of Eqs. (23) and (24). Setting a 0 = / 0 = 0 yieldslaþ 3
8
Ga3 ¼  1
2
f2 cosðaÞ cosð/Þ ð25Þ
ar 1
4
a2a3  3
8
a1a3 ¼  1
2
f2 cosðaÞ sinð/Þ ð26ÞHence the roots give the non-trivial ﬁxed pointslaþ 3
8
Ga3
 2
þ ar 1
4
a2a3  3
8
a1a3
 2
 f
2
2 cos
2ðaÞ
4
¼ 0 ð27Þandtan/ ¼ r
2a2þ3a1
8
	 

a2
lþ 3
8
Ga2
ð28ÞThe eigenvalues of the Jacobian matrix of Eqs. (23) and (24) can be used to determine the stability of the
non-trivial ﬁxed point. On the other hand, when the excitation does not exist, a trivial solution can be
obtained. However, these equations are not suitable for the stability analysis of the trivial solution, thus A
is described in the Cartesian formA ¼ 1
2
ðp  iqÞeirT 1 ð29Þ
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q0 ¼ rp  lq ð31ÞEqs. (30) and (31) admit solutions of the form ðD; dÞ ¼ ðbD; d^ÞekT 1 where
k ¼ l	 ir ð32ÞAs a result, the trivial solutions are stable if and only if l > 0, and otherwise it is unstable.
(b) In the case of principal parametric resonance (i.e., X  2), to describe the nearness of X to 2, we intro-
duce a detuning parameter r such thatX ¼ 2þ er ð33Þ
Substituting Eqs. (19) and (33) into (18) and after the secular terms are eliminated, the solvability condition
yields,2iðD1Aþ lAÞ þ ð3a1 þ 2a2 þ i3GÞA2Aþ i2f 1eirT 1A sinðaÞ ¼ 0 ð34Þ
Substituting the polar formA ¼ 1
2
aðT 1ÞeibðT 1Þ ð35Þinto Eq. (34), and separating real and imaginary parts we get the following:a0 ¼ la 3
8
Ga3  af1 cosð/Þ sinðaÞ ð36Þ
a/0 ¼ ar 1
2
a2a3  3
4
a1a3 þ 2af1 sinð/Þ sinðaÞ ð37Þwhere/ ¼ rT 1  2b
The eﬀect of the control technique is determined by evaluating the steady-state solutions of Eqs. (36) and
(37). Setting a 0 = / 0 = 0 yieldslaþ 3
8
Ga3 ¼ af1 cosð/Þ sinðaÞ ð38Þ
ar
2
 1
4
a2a3  3
8
a1a3 ¼ af1 sinð/Þ sinðaÞ ð39ÞThere are two possibilities: a 0 = 0 and a 0 5 0. The non-trivial ﬁxed points are given by the roots oflþ 3
8
Ga2
 2
þ r
2
 1
4
a2a2  3
8
a1a2
 2
 f 21 sin2ðaÞ ¼ 0 ð40Þandtan/ ¼
r
2
 2a2þ3a1
8
	 

a2
lþ 3
8
Ga2
ð41ÞTo determine the stability of the trivial solution one investigates the solutions of the linearized form of Eq. (34)
that is,2iðD1Aþ lAÞ þ i2Af1eirT 1 sinðaÞ ¼ 0 ð42Þ
Substituting the following into Eq. (42):A ¼ 1
2
ðp  iqÞeirT 1=2 ð43Þ
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2
q ð44Þ
q0 ¼ r
2
p  lqþ f1 sinðaÞq ð45ÞThe stability of a particular ﬁxed point is determined by equating the characteristic equation to zerol f1 sinðaÞ  k  r
2
r
2
lþ f1 sinðaÞ  k

 ¼ 0 ð46Þwhose solution isk ¼ l	 1
2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4f 21 sin
2ðaÞ  r2
q
ð47Þ
The trivial solution is stable iff1 6
1
2  sinðaÞ
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
4l2 þ r2
p
ð48Þwhen f is the control parameter, or ifjrjP 2
ﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃﬃ
f 21 sin
2ðaÞ þ l2
q
ð49Þ
when r is the control parameter.
4. Results and discussion
A non-linear control method is used to suppress the vibrations of the ﬁrst mode of a cantilever beam when
subjected to direct and parametric excitation. The results of the numerical study are presented for the system
parameters: qA = beam density = 0.3925 kg/m, m = tip mass = 0.266 kg, L = length of the beam = 0.35 m,
h = thickness of the beam = 0.002 m, EI = beam ﬂexural rigidity = 1.5158 N m2.
4.1. Eﬀects of the damping coeﬃcients
Fig. 2a and b shows the variation of the amplitude rate with respect to damping coeﬃcients in various ori-
entation of the directly and parametrically excited beam, respectively. For the positive values of the linear
damping l, the amplitudes are decreasing functions. As seen from Fig. 2a, the increase of the orientation angle
reduces the performance of the damping in the system. For small damping values, the diﬀerence between the
amplitudes of the beam having the orientation angles between 0 and 80 is larger while this diﬀerence
decreases with the increase of the damping. In the smallest angle given in Fig. 2a, the damping in the system
has quite a well performance up to l ¼ 0:05 since then; a signiﬁcant reduction in the amplitude of the system is
not observed when increasing the damping value. On the other hand, for larger angles such as a = 80, this
behavior cannot be observed.
In the parametric excitation, the eﬀect of damping on the amplitude of the response is shown in Fig. 2b.
From this series of solution for diﬀerent values of orientation angle we conclude that a principle parametric
resonance can be excited only if the damping coeﬃcient is below a critical value. The locations of these critical
points change with the increase of the orientation angle which also expands the damping interval. However,
the decrease in the amplitude occurs in larger values in the vicinity of the critical points. Therefore, we can use
this parameter to control the system amplitude as shown in Fig. 2a and b.4.2. Eﬀects of the non-linearity coeﬃcients
Fig. 3a and b shows the variation of the amplitude rate with respect to non-linearity coeﬃcients in various
orientation of the directly and parametrically excited beam, respectively. Fig. 3a shows that the amplitude is a
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Fig. 2. Variation of the steady-state amplitude ratio with the damping coeﬃcient for various orientation angles: (a) yg = 0.00025 m, G = 1,
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M. Yaman, S. Sen / International Journal of Solids and Structures 44 (2007) 1210–1220 1217decreasing function for the values aT. As can be seen from Fig. 3a, the increase of the orientation angle in
direct excitation reduces the performance of the non-linearity coeﬃcients on the decrease of the amplitude
ratio. On the other hand, it can be seen that the performance drops as the decrease of the orientation angle
in parametric excitation. While in directly excited systems there is a sudden drop of the amplitude in small
values of aT for the lower values of the orientation angle, this situation deteriorates as the orientation angle
increases. On the contrary, in parametric excited systems the sudden drop of the amplitude in large values of
aT is not be observed for the lower values of the orientation angle. To decrease the amplitude we can use the
gain as explained later in this section because the values of aT need to be increased to large values which may
not be realized practically.
4.3. Eﬀects of the gain coeﬃcients
Fig. 4a and b shows the variation of the amplitude rate with respect to the gain in various orientation of the
directly and parametrically excited beam, respectively. From Fig. 4a, it can be seen that the amplitudes
decrease while G increases. The increase of the orientation angle both in direct and parametric excitation
reduces the performance of the gain in the decrease of the amplitude. While a sudden drop in the values of
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r = 0; (b) yg = 0.03 m, c = 0.2, r = 0.
1218 M. Yaman, S. Sen / International Journal of Solids and Structures 44 (2007) 1210–1220the amplitude for the small values of the gain is observed for the parametrically excited system, the same
behavior is not observed for the directly excited system. Although the decline of the performance with the
increase of the orientation angle in terms of the parametric excitation is completely opposite when compared
to the results for the damping and non-linearity, this drop of the performance is not so large for the larger
values of the gain. In addition, compared to the directly excited system, the performance of the gain in para-
metrically excited system is much better.
4.4. Eﬀects of the excitation force amplitudes
Fig. 5a and b illustrates the forcing amplitude–response diagram of directly and parametrically excited
beam when yg is used as a control parameter for diﬀerent orientation angles. The response is an increasing
function of the excitation amplitude. As seen from Fig. 5a the increase of the orientation angle reduces the
amplitude of the system in the directly excited system. Although in small orientation angles, it is seen that
the system response grows rapidly for the small values of the excitation amplitudes, this growth is slower
for the larger values of the orientation angle.
In parametric excitation, the amplitude of the system increases with the growth of the orientation angle. It
is well known that parametric vibrations exist only when the excitation amplitude exceeds a critical value to0.00 0.01 0.02 0.03 0.04 0.05
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Fig. 5. Variation of the steady-state amplitude with the excitation amplitude, for various orientation angles: (a) G = 1, c = 0.06, r = 0; (b)
G = 1, c = 0.06, r = 0.
M. Yaman, S. Sen / International Journal of Solids and Structures 44 (2007) 1210–1220 1219excite a response. As seen from Fig. 5b, the variation of the orientation angle changes the location of the crit-
ical point. As the orientation angle increases the parametric vibrations occur in smaller values of the excitation
amplitude.
5. Conclusions
A non-linear control method is used to suppress the vibrations of the ﬁrst mode of a cantilever beam when
subjected to direct and parametric excitation. The system is modeled by a second-order non-linear ordinary
diﬀerential equation, and a control method based on cubic velocity feedback is taken into consideration.
The method of multiple scales is used to derive two ﬁrst-order diﬀerential equations of the amplitude and
phase of the response. The stability and eﬀects of diﬀerent parameters are studied numerically.
1. The vibrations in both directly and parametrically excited systems can be controlled by adding a feedback
cubic non-linear term.
2. The steady-state amplitude in both directly and parametrically excited systems is a decreasing function of
the linear damping coeﬃcient. In both excitation cases, the change of the orientation angle aﬀects the
damping performance. In addition, it changes both the place of the critical damping coeﬃcients and the
damping interval for the parametrically excited systems.
3. The steady-state amplitudes diminish due to the non-linearity in both the directly and parametrically
excited systems. However, the variation of the orientation angle aﬀects the performance of the non-linearity
in the reduction of the amplitudes.
4. The steady-state amplitude is a decreasing function of the gain G. The orientation angle causes the perfor-
mance loss in both the directly and parametrically excited systems. This performance loss in the paramet-
rically excited system is not too much for the larger values of G. Besides, simple non-linear feedback
method gives more eﬀective results for the parametrically excited systems.
5. The steady-state amplitudes gets larger with the increase of the force amplitudes in the both directly and
parametrically excited systems. Again, the variation of the orientation angle reduces the growth of the
amplitudes in the both direct and parametric excited systems. In addition, it also changes the critical value
of the force that is required for the parametric vibration.
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